In the framework of online cursive handwriting recognition, we present an efficient method for reordering the sequence of strokes composing handwriting in two special cases of interest: the horizontal bar of the character "t" and the dot of the character "i". The proposed method exploits shape information for selecting the strokes that most likely correspond to the features of interest, and layout and topological information for locating the strokes representing the body of the characters to which the features belong to. The method does not depend on the specific algorithm used for detecting the elementary strokes in which the electronic ink may be decomposed into. The performance of our method, evaluated on a data set of cursive words produced by 50 different writers, has shown a correct reordering of the sequence in more than 85% of the cases. Thus, the proposed method allows obtaining a more stable and invariant description of the electronic ink in terms of elementary stroke sequences, and therefore can be helpfully used as a preprocessing step for both segmentation-based and word-based handwriting recognition systems.
Introduction
Computer recognition of online handwriting represents a powerful and efficient way to improve man-machine communication. In this context, most of the research efforts have been devoted to the recognition of isolated characters or to the recognition of hand-printed words even if those types of writing, being slower than typing and generally considered unnatural, can represent a burden to the user. A more useful, but more challenging problem is the recognition of cursive handwriting, which represents the quickest and the most familiar communication media and can offer to the user a very easy and natural input method.
In the last decade, there has been an increasing spread of pen-based computing and we have observed a gradual establishment of pen-based input devices as an alternative or as a complement to the keyboard. Nonetheless, an effective use of pen-based computing requires robust and accurate recognition of online cursive handwriting that is challenging to the current algorithms and technologies.
The main difficulties in the recognition of cursive words are due to the fact that, besides the stylistic variations which originate the large set of different shapes exhibited by characters belonging to the same class, the inter-character connecting patterns occurring in cursive script add one more source of variability, in that the strokes belonging to neighbors characters may be deformed or new strokes may be added in order to reduce the complexity of the movements as writing speed increases and writer's skill improves. As a consequence, some of the characters within a word may appear distorted forming continuous joints with the preceding and the following ones.
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In case of online applications, the information on the order in which handwriting strokes are produced can be usefully exploited for recognition purposes, leading to higher recognition rates than those achievable when only static information about the shape of the strokes is available. 6, [8] [9] [10] One of the simplest ways of exploiting such temporal information is that of describing the strokes extracted from the ink by means of a suitable set of features and then describing the whole ink by sequencing the features within the ink according to the writing order of the corresponding strokes. In this way, the problem of describing the spatial relation between the strokes in a two-dimensional space is replaced by that of recovering their order along the time. Thus, the recognition can be performed by means of some kind of matching between sequences rather than between graphs. Methods based on this approach have been proposed and have shown promising results when dealing with both isolated characters and cursive script.
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The large variability in the dynamics of handwriting, however, represents the major drawback encountered by such methods. Due to such variability, different sequences of strokes can be used by different writers, or even by the same writer from time to time, during the drawing of a given character or word. This increase of complexity becomes even larger as the number of pen-up's within the handwriting grows, thus reducing the potential advantage offered by the availability of information about the dynamics of handwriting.
We present an algorithm for overcoming these drawbacks by means of a suitable reordering of the stroke sequence in two cases of special interest in cursive word analysis and recognition: the horizontal bar of character "t" and the dot of character "i". Those cases are of special interest because, depending on the writer as well as on the word, those features may be drawn in many different temporal orders. When the character including one of the features is the last one before a pen-up, then these features usually follow immediately. On the other hand, when the i's or t's are within a continuous pen-down, usually the dots and bars are postponed until the next pen-up. This attitude of the large majority of the writers is in accordance with many models of handwriting generation, according to which reducing the number of pen-up also reduces the complexity of the motor program needed to produce a given written message. Depending on the number of the considered characters occurring in a word, this phenomenon may give rise to many different sequences of strokes even when the shapes of the words look very similar.
The proposed algorithm exploits shape information for selecting the strokes that most likely correspond to the features of interest, and layout and topological information for locating the strokes representing the body of the character to which the features belong to. Once all the strokes composing the characters of interest have been detected, the temporal sequence of strokes is reordered in such a way that the stroke representing the dot/bar always follows the strokes representing the body of the corresponding characters.
Finally, it is worth noticing that our method does not depend on the specific algorithm used for detecting the elementary strokes in which the electronic ink may be decomposed into. Moreover, since it allows obtaining a more stable and invariant description of the electronic ink in terms of elementary stroke sequences, it can be helpfully used as a preprocessing step for both segmentation-based and word-based handwriting recognition methods.
The remainder of the paper is organized as follows: Sec. 2 illustrates the proposed algorithm, Sec. 3 presents the experimental results, while some discussions and concluding remarks are eventually left to Sec. 4.
The Algorithm
We assume that the strokes composing the ink have been already extracted, either by exploiting some kind of temporal information about the writing process, or by using shape information extracted from the input word. Typically, methods exploiting temporal information look for extrema of the curvilinear and angular velocities, while shape-based ones locate the segmentation points in correspondence of curvature peaks or flexes. The temporal information provided by the tablet is then used to record the strokes according to the writing order. It is also assumed that the baseline of the word is roughly horizontal, and that the word layout has been divided into a central zone, corresponding to the estimated x-height of the characters within the word, the upper zone and the lower zone, located above and below the central one, respectively. Figure 1(a) shows the results of both the preprocessing steps on a sample word.
The sequence of strokes forming the word is the input of the proposed algorithm, which articulates into three steps, for finding the strokes corresponding to bars and dots, locating the strokes to be associated with bars and dots within the characters of interest, and ordering the selected strokes according to a predefined model, respectively. The algorithm provides as output the reordered sequence of strokes, in which the considered characters are described by strokes whose order is fixed and independent of the actual writing order followed by the writer.
The first step of the algorithm is implemented by parsing the input and looking for strokes that satisfy the constraints imposed by the model of bar and dot. Those constraints are based upon handwriting generation and perception studies as well as upon general calligraphic rules, and are expressed in terms of both the shape of the strokes and their position within the word layout. Accordingly, a dot should be a single, short stroke, roughly vertical, located in the upper zone of the word. Similarly, a bar should comprise a single stroke drawn from left to right, roughly horizontal, long enough and located in the upper zone of the word. To implement those criteria, the bounding box of each stroke is computed and the coordinates of its endpoints retrieved.
A stroke is considered a dot if the following conditions hold:
(d1) the perimeter of its bounding box is smaller than the size of the central zone; (d2) the vertical size of the bounding box is larger than the horizontal one; (d3) at least one of the endpoints is located in the upper zone, while the second one is located in the upper zone or above the central line.
a A stroke is considered a bar if the following conditions hold:
(b1) the horizontal size of its bounding box is smaller than the horizontal size of the whole word; (b2) the horizontal size of the bounding box is larger than the vertical one; (b3) both the endpoints are located in the central zone or above; (b4) the angle between the segment joining the endpoints of the stroke and the baseline of the word is smaller than the threshold T b1 .
The condition (d1) follows from the observation that it takes a while before the pentip stops after landing on the tablet to draw the dot. Due to the fixed sampling rate of the tablet, this leads to a cluster of points, rather than a single one. Condition (d2) takes into account that, as suggested by handwriting generation studies as well as by calligraphic rules and writing habits, the pentip comes from a lower area of the writing space. Thus, the trace left by the pentip after landing on the tablet before stopping is mainly vertical. Eventually, condition (d3) considers both the previous effect and the anticipatory effect present in handwriting, according to which the pentip landing may start much ahead of time. Thus, the target point of the movement is certainly located in the upper zone, while the trace may start when the pentip is still over the central zone. Conditions (b1)-(b4) have been derived similarly. Figure 1(b) shows the results of this step on the word of Fig. 1(a) .
Once the strokes corresponding to bars and dots have been detected, the second step of the algorithm is entered for detecting the body of the characters.
The calligraphic model of the i's suggests that the body of the characters is made of a "hump", i.e. two successive strokes that join close to the limit between the central and the upper zone and form a sharp angle. As in case of bars and a The central line is the medial line of the central zone. dots, to achieve robustness with respect to different writing styles, these criteria have been implemented by imposing some conditions on the bounding box of the stroke and the position of its endpoints. In particular, two successive (in the drawing order) strokes form a hump if the following conditions hold:
(h1) at least T d1 percentage of the bounding box area of each stroke is located within the central zone; (h2) both the endpoints of the stroke are in the central zone; (h3) the distances of both the last endpoint of the first stroke and the first endpoint of the second stroke from the central line, are smaller than the threshold T d2 , expressed as percentage of the height of central zone; (h4) the angle between the tangents to the strokes at the joint is smaller than the threshold T d3 .
Conditions (h1)-(h3) follows directly from the calligraphic model of i's, while the last one takes into account that the anticipatory effect may introduce a smooth connection between the two strokes, thus changing the cusp on top of the i's into a small loop. It may happen, however, that the body of i's be drawn by just one stroke. To cope with this case, a stroke is considered as being the body of an i if, in addition to (h1) and (h2), the following condition holds:
(h5) the vertical size of the bounding box is larger than the horizontal one.
As regards the detection of the body of a t, the calligraphic model suggests that the main body is formed by an "ascender", i.e. a single stroke drawn from top to bottom that significantly extends above the central zone, mostly occupying the upper zone, or by a pair of successive ascenders drawn upward and downward, respectively.
A stroke is considered an ascender if the following conditions are verified:
(s1) the vertical size of the bounding box is larger than its horizontal one; (s2) the distance between any of the extremes and the top/bottom line is smaller than the threshold T b2 , expressed as percentage of the size of upper/lower zone, respectively.
Further details on the this algorithm can be found in Ref. 3 . Figure 1(c) shows the results of the second step of the algorithm.
Eventually, the third step is entered for associating dots and bars with i's and t's, respectively, and ordering the sequence of strokes accordingly. Ideally, a dot should be located on top of the character body, along a roughly vertical line going from the joint of the hump to the dot. Similarly, a bar should intersect the ascender associated with the body of the t's. In case of i's, these observations lead to the following constraints:
(i) the vertical projection of the bounding box of the dot along the writing direction be included in the union of the projections of the bounding boxes of the strokes forming the hump, or be overlapped with that of the isolated vertical stroke; (ii) the x-coordinate of the leftmost endpoint of the hump be smaller than that of the leftmost endpoint of the dot.
In case of t's, the implementation must take into account that a bar may not intersect the ascender but rather be close to it. This concept has been implemented by assuming that a bar is close to an ascender if their distance is smaller than the threshold T b3 . Moreover, the case of a bar intersecting or being close to more than one ascender should be considered, and the case of two bars being close to an ascender. These observations are reflected by the following conditions: (i) if the bar intersects only one ascender, then associate the bar to that ascender, even if the bar is close to other ascenders;
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(ii) if the bar intersects two or more ascenders, then associate a replica of the bar to each ascender; (iii) if the bar does not intersect any ascender, but it is close to one or more ascenders, then associate the bar with the closest ascender.
Once the dots and bars have been associated with the corresponding hump and ascender(s), the sequence of strokes is reordered in such a way that the stroke representing the dot/bar always follows the hump or the ascender(s) to which it is associated. Figure 1(d) shows the results of the last step of the algorithm.
Experimental Results
The proposed algorithm has been tested by using a database made of two sets of cursive handwritten Italian words. The two sets refer to two different lexicons, L1 and L2, each containing 48 different words (see Fig. 2 ). In the lexicon L1, there are 68 instances of letter t and 55 of letter i, while in the lexicon L2, there are 92 instances of letter t and 65 of letter i, totaling 160 instances of t's and 120 of i's. Both lexicons have been assorted by including the most frequent words containing the characters of interest, appearing in a large variety of bigrams and trigrams, so as to be sure to include most of the artifacts that arise due to both anticipatory alto, aritmetica, attenzione, attirare, atto, bicicletta, biglietto, caratteristica, ciclamino, diluire, dispositivo, eliminato, evitare, filtrato, gomitolo, ignorante, imbuto, immagine, incontro, indizio, ingrandimento, insieme, intollerante, inventare, litro, militare, mimato, mittente, partita, pietra, prestito, risultato, scrittura, stolto, taglio, tavolo, tecnica, telaio, tesista, testo, titolo, totale, tovaglia, traccia, trittico, trota, tutto, vettore.
a)
artista, attimo, autentico, battaglia, battistero, biscotto, certificato, conflitto, continente, dibattito, distillato, duttile, eclettico, elettronico, esplicito, festività, fioritura, frittura, graffito, grattacielo, identità, inatteso, inchiostro, intervista, intimità, latitudine, lievito, listino, manoscritto, mattino, motocicletta, mughetto, naturista, nettare, notizia, obiettivo, otite, pettine, prestito, quantità, quartetto, tintoria, traiettoria, utente, utopia, vestito, violinista, vittoria. alto, aritmetica, attenzione, attirare, atto, bicicletta, biglietto, caratteristica, ciclamino, diluire, dispositivo, eliminato, evitare, filtrato, gomitolo, ignorante, imbuto, immagine, incontro, indizio, ingrandimento, insieme, intollerante, inventare, litro, militare, mimato, mittente, partita, pietra, prestito, risultato, scrittura, stolto, taglio, tavolo, tecnica, telaio, tesista, testo, titolo, totale, tovaglia, traccia, trittico, trota, tutto, vettore.
artista, attimo, autentico, battaglia, battistero, biscotto, certificato, conflitto, continente, dibattito, distillato, duttile, eclettico, elettronico, esplicito, festività, fioritura, frittura, graffito, grattacielo, identità, inatteso, inchiostro, intervista, intimità, latitudine, lievito, listino, manoscritto, mattino, motocicletta, mughetto, naturista, nettare, notizia, obiettivo, otite, pettine, prestito, quantità, quartetto, tintoria, traiettoria, utente, utopia, vestito, violinista, vittoria. b) Figure 2 . The lexicons used in the experiment a) The lexicon for the training set; b) the lexicon for the test set. (a)
effect and stroke deformations within the handwriting of familiar (to the writer) words. Our database has been produced by collecting words written by 50 different writers. Each writer was asked to write an instance of each word of L1 and an instance of each word of L2, for a total of 96 words. The words belonging to L1 were used as training set T R, while those belonging to L2 made up the test set T S. Summarizing:
(a) each set is composed of 2,400 words; (b) TR contains 3,400 instances of t's and 2,750 of i's; (c) TS contains 4,600 instances of t's and 3,250 of i's; (d) TR was used as training set for designing the algorithm and setting the thresholds, TS for performance evaluation.
As discussed in Sec. 2, our algorithm assumes that the strokes included in each component have been extracted and that the word layout has been divided into a central zone, an upper zone and a lower zone. In regard to the first assumption, we have used the algorithm for stroke detection proposed in Ref. 1, while the information about the layout of the word has been obtained by using the algorithm discussed in Ref. 3 .
The first experiment has been performed by using the same values of the thresholds for all the writers in our database. The values of such thresholds have been experimentally fixed during the training and are reported in Table 1 . On the set TS, we achieved a success rate of 83.38% and 87.72%, averaged among the writers, in reordering the strokes belonging to instances of i's and t's, respectively. Let us note that, in evaluating the performance, we have assumed that a stroke sequence has been correctly reordered when both the feature labels and their order are correct. This implies that we consider erroneously reordered also those stroke sequences whose order is correct but not the feature labeling. This may happen, for instance, in case of a character t when the stroke corresponding to the bar directly follows those corresponding to the body, but either the body or the bar is not correctly labeled. Thus the performance reported above represents a lower bound for the overall performance of the method.
A detailed analysis of the results has shown:
• a recognition rate of 94.1% and 93.4% for dots and bars, respectively, averaged among the writers. In case of dots, the best and the worst cases are rated at 97.9% and 87.5%, respectively, while for bars the same figures were 100% and 83.3%.
• a recognition rate of 85.8% and 89.8% for i's and t's bodies, respectively, averaged among the writers, with just few writers accounting for more than 80% of the errors in detecting the body of the t's.
• the performance of the algorithm remain unchanged even when the values of thresholds used by the algorithm were varied simultaneously of up to 20%, while larger variations, up to 50% results in an increase of the error rate of 10% at most.
We have divided the errors in four categories for both dots and bars: type 1 -missing dot/bar, type 2 -false dot/bar, type 3 -missing body, type 4 -wrong association between the dot/bar and the body. In Tables 2 and 3 (columns 2 and 3) , we have reported the absolute values and the percentage distributions of the errors in the four categories for dots and bars, respectively. The data shown in Table 2 indicate that the event of missing a dot is quite rare, but the most relevant source of Figure 3 . An example of unavoidable errors: the distances between the bar second ascender are almost the same in both the words, but in the first c strokes within the box are meant to represent the characters "tt", while in the one they stand for the pair "lt". Figure 3 . An example of unavoidable errors: the distances between the bar and the second ascender are almost the same in both the words, but in the first case the strokes within the box are meant to represent the characters "tt", while in the second one they stand for the pair "lt". Fig. 3 . An example of unavoidable errors: the distances between the bar and the second ascender are almost the same in both the words, but in the first case the strokes within the box are meant to represent the characters "tt", while in the second one they stand for the pair "lt".
errors is the false dot detections. On the contrary, Table 3 shows that the errors in case of bars are mainly due to missing bar events and wrong associations between the bar and the body. In particular, this last type of errors occurs in the large majority of the cases with reference to one writer whose handwriting is somehow inconsistent, as shown in Fig. 3 , to another writer whose handwriting, shown in Fig. 4 , is such that the method failed in extracting the ascender(s) for the body of the t's, and, eventually, to a few other writers with very peculiar writing style, as shown in Fig. 5 . In order to analyze the influence of the threshold values on the performance of our method, we have performed a second experiment by considering separately the words produced by each writer: in this case a different set of threshold values has been experimentally fixed for each writer by taking into account his specific way of writing. The results reported in Tables 2 and 3 (columns 3 and 4) confirmed that by adopting this strategy it is possible to improve the global performance of the method, and that the large variety of different writing styles can be more efficiently managed by using different values for the thresholds. In particular, we achieved on the set TS a success rate of 90.65% and 92.13%, averaged among the writers, in reordering the strokes belonging to instances of i's and t's, respectively.
The analysis of the results reported in Tables 2 and 3 suggest the following considerations:
• in case of dots about 44% of errors have been recovered: the most relevant improvement was achieved on detecting the body of i's, which have been recovered in 78% of the cases. This result is in good accordance with the theoretical considerations made in Sec. 2 since in the algorithm for identifying the body of i's the three thresholds T d1 , T d2 and T d3 are used;
• in case of bars about 36% of errors have been recovered. As in the previous case, the larger improvement was obtained in detecting the ascender(s) representing the body of the t's and in the association between the bar and the character body. Also these results can be explained by considering the role of the thresholds T b1 , T b2 and T b3 .
Discussion and Conclusions
We have introduced a method for reordering the sequence of strokes forming online cursive words in two cases of special interest in handwriting analysis and recognition: the horizontal bar of character "t" and the dot of character "i".
The proposed method exploits shape information for selecting the strokes that most likely correspond to the features of interest, and layout and topological information for locating the strokes representing the body of the characters to which the features belong to. Once the strokes composing the characters of interest have been detected, the temporal sequence of strokes is reordered in such a way that the stroke representing the dot/bar always follows the stroke(s) representing the body of the corresponding characters.
Our method does not depend on the specific algorithm used for detecting the elementary strokes in which the electronic ink may be decomposed into. Moreover, since it allows obtaining a more stable and invariant description of the electronic ink in terms of elementary stroke sequences, it can be helpfully used as a preprocessing step for both segmentation-based and word-based handwriting recognition methods.
The performance of the methods has been evaluated by two experiments conducted on a data base of 4,800 Italian words produced by 50 writers, containing 8,000 instances of letter t's and 6,000 of letter i's. In the first experiment, the values for the thresholds have been set by maximizing the average performance of the system on the training set. Under such conditions the algorithm exhibits on the test set a success rate of 83.38% and 87.72%, averaged among the writers, in reordering the strokes belonging to instances of i's and t's, respectively. In the second experiment, the values for the threshold have been set by maximizing for each writer the performance of the system on the training set produced by that writer. As expected, the performance of the method improved, achieving a success rate of 90.65% and 92.13%, averaged among the writers, in reordering the strokes belonging to instances of i's and t's, respectively.
The results of both the experiments suggest that the proposed method seems to capture those general properties of handwriting that are, at least intuitively, connected with the notion of style. In particular, the results of the first experiment show that the set of criteria that have been derived from both the calligraphic models of the character of interest and handwriting generation models are general enough to cover many stylistic variations, and that such a performance is largely independent of the particular values for some of the thresholds used by our algorithm. In other words, it seems that by collecting information from different sources, i.e. the shape of the strokes, their spatial relations and the way they are arranged in the word layout, the algorithm incorporates enough flexibility to deal with different writing styles, and that such flexibility is mainly due to this integration of different sources of information, rather than to a particularly smart implementation. This conclusion is further supported by the results of the second experiment, in which the use of writer-specific values for the thresholds has lead to a relatively small improvement in the performance. They also confirm that, as it has been shown in the previous section, most of the errors are unavoidable, unless other source of information, such as a dictionary or writer-dependent models are used to deal with specific, sometimes inconsistent writing style.
As the detailed analysis of the errors suggests, there is space for improving the method along two main directions: a more reliable stroke detection algorithm, especially suitable for dealing with smooth handwriting, and the possibility of providing more sequences associated to the ink when the spatial relations among the features are so ambiguous that it is extremely difficult to decide, without any context, to which character the dot/bar belongs to.
